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SUMMARli —

The ,longitudinalstresses arid the stiffness of flanged””
members-I*beams, channels, and z-bars - were investigated
when these members were subjected to torque with constraint
against cross-sectional warping. Measured angles of rotation “-
agreed with corresponding,calculated values in which the
torsion-bending factor of the cross section was involved;
the.agreementwas better for the I-beam and the Z-bar than
for the channel. Longitudinal stresses measured at the mid-

‘..

*.a

span were found to agree with the calculated values that
involved unit warping as well as the torsion-bending factors;
the channel showed the greatest discrepancy between meastired
and calculated values. When commonly given expressions for
rotations and maximum longitudinal stresses in a twisted I-
beam were applied to the channel and to the Z-bar, valves. .. .—
were obtain~d that were”in reasonably good agreement with
values obtained by the method involving the torsion-bending
constant and unit warping. .T-—

INTRODUCTION *

When pure torque is applied td a fl~.ngedmember, such
as an I-beam, a channel, or a Z-bar, twisting is accompanied
by warping of the cross sections. If one or more cross sec-
tions are restrained against such warping, longitudinal
stresses are set up th=t are generally associated with bend--
ing of the flanges. In some instances these stresses become
quite large and have Rn appreciable effect on the torsional
stiffness of tha member. A knowledge of the torsional stiff-
ness is essential in determining the stability of a member
against torsional b.uckl~ngunder axial compression or agaf~st ...
lateral buckling under beam loading. —

Bee:.useof the symmetry of the cross section, the longi-
tudinal stresses resulting from restraint against cross-
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sectional warping in a ~wisted”I-beam aro confined to the
flanges. The stresses may be considered as hcing producod
by bending of the flanges in their own planes. In the case
of an unsymmetrical section, ,suchas a channel or a Z-bar,
longitudliialstresses”oc~ur “inthe web as well aa in tho
flanges. In ,s~chcasas the stre.e$distribution cannot be
determined by considering only bending of the flangee.

,.
The solution to the problem of the twisting of I-beams,

with restraint against cross-sectional warpin~,’may”be ob-
tained from many sources, (See, for example, references
1 to 3.) Treatments of the same problem invo17fng flanged
members of unsymmetrical cross section are not so numerous,
although some authorities (references 1 and 2) state that
the formulas for longitudinal stresses and angles of twist
obtained for’”the-I-beam are “alsoa~plicAb.leto channels
Or to Z-baTs~‘“Thd case .of a“chan~e~,h~s”been,handled by
considering tli~””tirosssection as cornpos~d-jo.f.t.woangle”s
tliat’are constrained to bend.about~<e,rta’.in;ax.6s”(reference
4). A method for-evaluating“the~l”~n~ftud,inal”etress”esand
angle-Of twist for”a-membe”r”of.any ~ama”riSectio”nlli-scon-””

-.

ta~ned in the works of Wagne”r(r~~ere~css““5and 6) and Eappus
(reference”7).

Experimental studies of the sffect of cross-sectional
constraint.onthe behavio.iof flanged ‘.m.embers“under torsion
(references 3 and 4) have been rti$>ermeager,

-“, ”
The .te.stshctin” reported were made for.t“hcp.urpo.soof

.:.studying’.thelongitud~inalstresstisand the sti”ffnes.sof I-
boams, channels, and Z-bars, s’ubjec”te’dto ‘torquo;:with con-
straint against cross-sectional warping.

MATIGRIA.L

The material avail~ble,for thsse tests consistod of
two pieces of high-strength aium$num-alloy extrude-dI-team
about 66 inches lon”g~ The crQss s’action‘wasthe same fo~.—

both beams; that is,‘the no?ni”naldimensions wore: depth, “
2& inches; flange width, 2“inches; and thickness of both
flanges and webl~ inch. Ona piece was “of24S-T alloy whtlo
the other was ofX’74S-T alloy. !l?his-materialwas used b~-
cause it had been left over-from”previous invest.igations
(referenca 8) and was immediately avaiia~le, Bcctiusethe
t~sts made in this investigation.were confinad to th= alaBtic
r“.ngeof the mat~rial, values of”modulus of elasticity and
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of proportional limit are the only mechanical properties
of immediate concern, The following modulu”sv~lues hti-vT””-—-”--
been used.in analyzing the test results and in the ensuing
c~.lculatioqs:

.—
.—

Alloy . Youngls modulus, E Modulus of rigidity, G
(lb/sq in.) .(lb/sqin.)

.—
24s-T 1o,500,000 ,3,920,000

X74S-T I 10,300,000 I 3,860,000

Previous tests had indicated that the pr~porti,onallimits
—

in tension and compression for both materials exceeded
25,000 poundsper square igchx

The piece of X’74S-Talloy was first tested.as an I-
beam. The material of both flanges on one side of the web
was then machined away,

..
and a specimen of chatinelcross.

section was left. The piece “of 24S-Y I:3eam ~as reduced to”
a Z-bar by machinin~ away’tfiematerial Gf the two flanges
on opposite sides of the web. The .dimegsionsof the yarious
cross sections, as obtained “by measurement, are shown in
figure 1. .

------------
.—

,.

The specimens ~era subj~ct”,ed‘toR ,tor”qu”e”applied at
the middle of an unsupported’Ie:qgthof .64* i.nc~as.. ~he
gnneral arrangement of the test setup and the method of
applying torque

...——-—
ara cle.~.rlyshovn i.nfigure 2. The diam-eter

of the loading disk is 9~?5 inchast
.

.A load of 100 pounds
therefore corresponded to a torquo of 488 inch-pounds.

~h.e - -—

load was applied in increments of 20 pounds; the loading
bar and lo?.dpna constituted tha first incrqmant. A total
lo.?.dof 160 pounds (780 in.-lb) was applied to the I-beam
and a mnximum lo.ndaf 100 pounds (488 in.-lh) was -applied
to the channel and to the Z-bar,

The manner in which the ends of the specimens were
supported can be seen In figures 3 and 4. An opening 2~
inches wide by 2; inches deep was cut in each supporting
br~cket. Filler blocks were then cut and carefully fittad
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to accommodate the shape’of–the specimen. The photographs
show filler bl”ocksin place for the Z-bar. Similar bloclcs .
were used to accommodate the I-beam and the channel,

,.
As can

be seen in figure 4, the edges of.the olening.and of.the
filler block that bore on the specimen Were chamfer8d to

--.

provide a bearing about 1/32 inch wide.
1=”

The corners of
these bearing edges-ware slightly rounded. A graghite bear-
ing grease was placed on the bear.$ngsurfaces to minimize
the friction that might develop when the syecimen was
twisted. The object of this type of end support was to pro-
vide restraint.against twisting without constrafnirlgthe
end sections against warping. That this objective was
practically attained was indicat-ed.by“thesmall bending
stresses measured in the flanges near the ends of the I-
beam. (See fig. ll.) The same method was used for mounting
the loading disk at the middle of the specimen, with the
exception t-hat-the bearing surfaces on the opening and the
filler blocks were the full thickness of the disk (1/4 in.)-
The two halves of the specimen re~cte.dagainsteach other
under torque to prevent the middl? cross section from war_plng.

Strains were measured on %oth edges.of the top flang~
at numerous locations on one-half of each specimen. l$easure-
ments were also made at one.location on the bottom flange on

6

the same half of the sp~cim.en.and.~lsoat-.one ..~o~ationon
the top flange on the other half’ These strains were meas- *
ured on l/2-inch gage lengths with Huggenberger tensomatars, _ .—

Anglesof rotation wore measured at the middle and both
ends of each specimen and at numerous stations along one
halfi An adjustable protractor agcispirit level were used
for these measurement-s. Successive determinations of t-he
angular slope of the top f’langec+uld be consistent~y re-

..-

peated with a maximum variation of 5 minutes.

ANALYTICAL TREATMENT

The longitudinal stressss resulting from restraint ●;.
against cross-sectional.warping in a twisted member aud the
ang18 of rotation depend on a proporty of the cr-osssection
which has been called the tor.s~on-bendin~factor (ref”er-onces ‘:
5 and 9). The differential equation for torsion in such a
member can be written (references 5 to 7 and 9 to 11)

—

.

(1)
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where

‘5 -. .-

.
“.

.,.

‘u●

T twisting moment

e angle of twist

x distance along axis of shear centers

G modulus of rigidity

J section factor for torsion

E Youngls modulus ..” .—

CBT torsion-bending factor for s~’ctionabout shear center .

I?orsections composed of narrow rectangles the section
factor for torsion J may he determined approximately as
the sum of the factors for the individual rectangles. The
value may be deternine.dm’ore.exactlyby equation (21) of
reference 3. -?l?kisexact metho”dwas used for the evaluation
of the values of J given in figure 1. Corresponding val-
ues obtained by the approximate method, with overlapping
rectangles considered, were about 5 percent lotierfor t-he
channel and for the Z-bar and about 10 percent lower for
the I-beam than results;obtiaind’-bythe exact method.

A method for evaluating the torsion-bending=factor
C3T qay ..befouud in-references.s5.to’7 and 11. The factor
is defined by the equation

JC3T= . Ua dA (2)
......... ...... .

.. . .

where u is thellunitwarpingll,~fthe araa dA from a
reference plane through the she,arcenter aqd normal to the
axis, when d9/dx = 1. Torsion’-’b~n”d:in~factor~ CRT for
each of the Sectloils involved in th,i”sinvestigation are
given i.nfigure 1, The cvaluat,io~of the integral of equa~
tion (2) for eaoh “sectionis shown in the appendix. For
the channel specimen, this evaluation involves location of
the shear center of the section.

For pure torque app~ied at,rnidspan,with the ends of
the member free to warp, the solution of equation (1) in
the form given in reference 3 is most convenient.

..

.-
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where

.,. (3)

. ..- ..- -..

.,

(4’)

.
,.

.
t.

and L is the length of span. In,t-hiseq,uatibn,” “x varies
from O at the end of the span to L/2 at midspan. The
torque T is that existing at the.end of the span andis
therefore one-half the applied torque. The equation is” .
applicable only to one-half the span. ~

.,

.Ithas been shovn-.in references 5 to.7that the longi-
tudinal.sljresses q resulting f,roprestr”+intagtiinstcross-
sectional w~arpingcan be found from the values of unit warp-
ing. u;by t-he.equation. ,.. .-

..”’. , *... .. . ........ ,...-.,:.:,-- .-,--.F..-..r.
. . ,..,,, ”.,

..” a=- ~Qu . ..:..”“,
d~a (5) +

. . .. . . ;.,.,,, -,
By s.ubst~tut,ingthevalue.of e f~-omiquation (3)’,equation
(5) can be expressed as .-. ..:-J . .. .— .....- —.

x
ET sinh~ ““

o=—
GJ a cosh L u

K

(6)

The values ofitha unit warping u. needed to”solve this
equation were obtainod in.connection with the evaluation
of equation (2) to obtain expressi~ns for the torsion- ,4’
‘lending factor CBT for,,thevarious sections. (See
appendix.) .

.,’

,, . . ., , .,
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DISCUSSION OF RfiStii~&
. .

Rotations

The measured rotations agreed very well with corre-
spondi’ngvalues ealcule.tedby equation(3) , as can be seen
in figures 5, 6,and 7. For the I-beam and for the Z-bar,
the rotations measured at midspan were within 2 percent of
the calculated values. l?orthe channel, the measured ro-
tation at midspan was about 5 percent lower than calculations
indicated. .

A comparison of measured rotations with the values in-
dicated by ,thestraight.lines in figure-s5, 6, and 7 in-
dicates that the restraint against warping was responsible
for a decrease in rotation at midspan of”about 36 percent
for the I-beam and about 23 percent for the channel and
for the Z-bar.

The relationship hetweea angle of rot-ationand applied
torquo W3S linear, except for slight deviations at the higher
loads (figs. 8, 9,.and 10). For these higher loads, at
which tho .anglcof.twist became quits l.nrge(great~r thr.n
200), secondary longitudinal gtrcsscs (ref~rcnce 1) bocamo
grc,atenough to produco a slight but noticaablo incroaso
in the -ra,sist.ancoof the momb~r to twist. At midspfin,the
maximum deviation from a linear relatj.onshipis about 2
percent. The values indicated by the straight lines of
figures 8, 9, an,d10 were plott,edin fiqures 5, 6, and ?.

In references 1.and 2, it is stated that the equation”
derived for the rotation of an I-beam under torque, “with “
restraint against cross-sectional warping, is also applicable
to a channel. In reference 2, it is also str.liedthat the
equation cm be used for a Z-ba2. Tor this purpose, the
angle of rotation at midspan cap be expressed a’s

(?)

where

(8)
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where h is the-depth of sec.tion,and ‘Y is the moment
of--inertia about the YY axis. (See fig. l.) The use of–
this equation for calculating the ~.ngleof rotation for the
channel and for the Z-bar tested in this investigation gives
values that are about 6 percent lower than corresponding
values c~.lculat-edby the more exact method involving the
torsion-bending factors for the sections. (See table 1.)

.
,.

Longitudinal Stresses

The longitudinal stresses measured in the region of mid- .
span on the top flange of–the I-beam and of–the channe”lspec-
imens were in very close-agreementwith “correspondingvalues ““”“-—
calculated by equation (6).(f,igs.,11 12.)_ For the Z-

.-
and

bar, the measured stresses on the top flange at midspan were
about 7 percent higher than calcul~ttionindicated (fig- 13).
Stresses measured on the bottom flange of the I-bearnat mid-
span varied from tho~e measured on the top flange by less
than 1 percent. The stresses in the bottom flange of the
channel and of--theZ-bar-were abo-a.t8 IercQnt and 10 Percent
lower, respectively, than corresponding values for the top
flangeg If an avar~.gefor top and bottom flanges is consid-

..=

er~d, the meas”uredand calculated”valuesfor longitudinal
i

stress at midspan agreed within about 4 percent and the
agreement was poorest for t.hochannel”o For all three speci-

t-hestresses-measured on the two hal”vesof the span
E

mens,
agreed-within the limits of—error of the measurements.

AS can be seen in figures 12 and 13, the agreement
between calculated and measured values of longitudinal :
stresses was not so’good hear the ends of tie specimens as
at midspan. In addition to the l-diigitudinal.stresses re-
sulting from restraint against cross-s~ctionalw~.rping,the~e
are secondary longitudinal stresses that axist even in a

-- .—

twisted member without-cross-sectional res-train”t(raference1).
Tha magnitude of.these secondary s$risses va-riesag the square
of the rato of twis~that is, as (d6/dx)2. For tests of the
sort made in this investigation, consequently, there will be
no secondary strasses at midspan, that is, (d9/dx = 0], and =:
such stresses will attain a maximum value near the ends of
the span where d8/dx is “gr~atast~ l!haaffect of these
secondary stresses on the values of the measured stresses is

..-.1
evident in tho curves for the channel and for the Z-bar (figs
12 and 13). Figure 11, however, shows close agreement be-
tween measured and calculated values of stress for t-hoI-beam
for the full length. Because -of the symmetry of this scctlon,
the stresses measured on the two edges of the flanga wero
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aversged and the offect$ of the.saeondary stressas wer~
thus.eliminated.:

----
That this secondary-stresseffect was

also present in th,eI-specimen is shown by the .oirclesin
figure 11, which indicate the stresses measured on each
edge of the flange. .

If the equation obtained for calculating the benling
stresses in the flanges of a twisted I-beam is applied to
the,channel and to the Z-bar, as suggested in rg”ference2,
values of maximum longitudinal stress ar~ obtained that are
in suprisiagly good agreement w$th the measurad values and
also with values calculated according.tothe more exact
method of equation (6). (Se,e tabla I,) For the I-beam,
equation (6) can be expressed.as

Tab5=— tanh ~
hIy 2a

where

(9)

—

my
a .&._

2 J GJ

b is the flange width, and the other terms are as previously
d~fiued. ,Thisequation ts obtained by substituting in aqua-
tion (6) the expressions for c~~ and u given in teblc II
(sac appendix) n.ndthe rolati~nship Iy = 2 Ir. When equ~-
ti~n (9) is applied to a channel or to a Z-bar, the term b
is defined as twice the distance from the y-axis to the ex-
treme fiber (rcfarsnce 2).

CONCLUSIONS

,

The foll~wing couclusi~ns ware indicat~d by the results ‘ ““
of this investigation of flanged.members, I-beam,chanael, and
Z-bar, subjected to a torque at midspan and supported at the .
ends in such a way that rotation was prevented without re-
straining the end oross.sections against warping: —-

1. The measured angles of rotation were in agreement - ‘“
with corresponding values calculated by an equation that
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.
involve’sthe tors’ion-b”end’ing:facto-rof the cross section.
The “agreementwas wi”thin2 pert.en.? for’the I-peam and” for
the Z-bar; whereas the measured rotation of the channel
was about 5 pe-rcentlower than calculations indicated.

2. !t!helongitudinal stresse5 measured at midqpan
agreed within about 4 percent with values calculated by
an equation that invol=s unit-warping values as well as
the.torsion-bending factor. The agreement W=S poorest
for the channel specimen.

3. Commonly given expressions-for r.ota:ti.onsand.gax-
imum longitudinal etresses in a twistad I-bea_mZin which
the effects of restraint against warping are axpressed in”
terms of the lateral moment of inertia, whan applied to
the channel and to the Z-bar, gave values that were $n
reasonably good agracment with measured values. T-ha2.~lCS
of rotation obtained by this.“approximatemethod wero about
6 porcont lower thaa corresponding values calculated by the
more exact method involving the torsion-banding-factors for
the sactions. The maximum longitudinal stress valu~s thus
calculated ware about 2 percent lower for th~chmnol and
about 5 perceat higher for t~e .Z-barthin tha values obtained
by the exact method. “.

.-
.—

—--r

. ..—
..—

Aluminum Research Laboratories,
4

Aluminum Company of America, : —
New.Kensington, Pa., November:20, 1942.,-
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APPENDIX

3!VALUATIONOF THE TORSION-BENDING TACTOR CBT
,.

11

‘Thetorsi,on-bendingfactor for a section depend”son
the axisabout which the section is considered”to’rotate.
For rotation ebout the shear center, the factor can be
expressed (references 5 to 7 a~d 11)

# ,,

CBT = ./’u2 u
A

(10)

where u is the unit warping of the ‘elementof area dA
from a reference plane through the shear center and normal
to the axis, when the angle of twist per unit length (d6/dx)
is unity. (Sea reference 7.)

The untt warping.,.which has the dimension of an area,
is given by the equ%tion —.

J
s

u ‘= “U.+ rtds + rn n
o

(11)

.-.

. . . .
whare “’ ,. ....- -... .:---

U.

s.

. ‘t

..

.. . n

rn

..., ., ..

unit warping at p“oint”o-nm’~dianlinz~.of secjion - -..-
where s = ‘O . . \

distance measuredalong median line from point whore-
s = o ....-—.

perpc~dicul-.rJistaaca.from,canter of rotation [shear
ccnt~r in ttlisinstance) to a tangent to median
line at s = s

dist~.ncemeasured along perpondiculr.rto median line
Lats=s -..——.. .., ..’..:

perpendicular distancq fro”~center of rotatio”n(sh&.&
center) to pcrpendic.ularto median line at s = s. .

.
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The first two terms of equ.!ition.(11)depict the unit
warping of the ,madian line of the section. !Tholast ierm
includes the variation itiwarping across the tihickriossof
the section. In relatively thin sections, such as “tested
in this investigation, this last term is relatively unim-
portant and may generally be neglc.ctod. ?.hetmrm ..UO in
Cqumtion“(11) can be ovaluatad from the expr~ssion (r~f~r-
cncc 7)

.
,.

J%udA=O (12)
,. A

By the use of equations (10) to (12-),the unit warp-
ing and the torsion-bending factors have been derived for
the I-beam, the channel, and the Z-bar and expressed in the
dimensional notation of figure 14.The dimensions shown in fig-
ure 1..have been substituted in these expressions for torsion-
bending factor to obtain the values of CBT used in calcu-
lating rotations and ~tresses, The expressions for unit
warping have likewise been.evaluated for the calculation of
the longitudinal stresses by equation (6).

In”arriving at the expression for the torsion-banding
factor ~BT in table II, the last term of-equation (11)
was neglected. Including this term would slightly increase

.

tha valus of C3Te !l?hapercentage;increase would be grcatost
for the channel section. Inasmuch.as the greatest discrep-

-,

ancy between calculated and measured angle of rotation
occurred for the channel and inasmuch as the meaeured rota=
tion was smaller than calculations indicated, it is desirable
to determine the effect on the calculated value for the.angle
of rotation of including the last term of equation”(11). It
has been shown in referenco 5 that”the amount ~ to bo ti~dod
to the value already determined for CBT ~o take account of
tho warping across the thickness, can be expressed as

s
c

&
n J t3 rn2 ds
’123

.:

(13)
,,’

where t is the thickness an-dtha.other terms are as prov-
ions-lydefined. Expressed.in the dirn~nsionalnotation of
table 11,.the“equivalent expression for tho chanzielis
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,
-,

By substituting in eq~ation (14.)the di’rnensionsgiven in
figure 1, Cn for the channel is found to be 0.00042 inchs,

This value is less than 1 percent of the value of CBT for

this section (fig. 1). I* is evident then that neglecting
the effect of warping across the.thickness in determining
the torsion-lending constant is certainly justifiable for
the,sectioas involved .in this investigation,

LOCATION OF THE SHEAR CENTER OF TyE CHANNEL SECTION -,

The expressions for the.tarsion-bending factor and unit
warping for the channel section involve the dimension e
which is ‘thedistance from the middle”of the web to the center
of rotation or s-hearcenter- An equation for evaluating e
can be obtained directly from the expression for the torsion-

: bending factor. The section will rotate~about,the center of
.least.resistance, that is, the center.for which the torsion-
bending factor is a minimum. The location of this center of

& rotation can be found by setting
.. —

dCBT
—= o
‘de

..-
,.

and solving for e, This operation yields the equation
.

.. .

e ~ 1. ,
‘2AW”

—+1.6A3 . .

(3.5j

“. .
This equation is the same as that attributed to Ostenfeld
in reference Z for locating the shear center.

The expression for torsion-bending fac~or for the
channels obtained by equations(10), (“IL),and (12),can be
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simplified buy”substituting”for e the-value indicated
in equation (115)P”This si’rnplifiedexpression for the torsion.- “~
bending factor fo; the ahannel is given in table 11,

By substituting the dimensions of the channel section
(fig. I.}-into’equating (15.),a value for e of 0~36 inch

,.—

,, Is
..

1.

2.

3.

4.

..

5.

60

‘7,

8-

9.

10●

11.

obtained. .
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Figure 1.- Dimensions,as
of specimens.
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Figure 2.- General arrangement of test setup showing
method of applying torque at midspan.
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Figure 3.- Bracket for supporting end of’specimen without

restraint against warping, outside face.
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Distancefromend,in, Distancefromend,in;
Specimen,I-beamofX74S-Taluminumallpy; Specimen,channelofX74S-Taluminumalloy;
torque,780inch-pounds. . torque,488inch-pounds.
Figure5.-‘l%ist,curvesfortorque,appliedat Figure6.-Twistcurvesfortorq~eappliedat

midspan.Span,641/2inches. mid6pan.Span,641/2inches.
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Figs.7,8
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J?igure7.-Specimen,
Z-bar.of

24S-Taluminumailoy; -
torque,488”inch-
pounds.Twistcurves
fortorqueapplied-at-” ‘ -
mid~pa~. span ~ 1/2 -

inches. .- .-

Figure8.--Specimen,-
I-beamof

X74S-Taluminumalloy? ‘“
Load-rotationcurv~& -
for torqueof 4.88P .- .
inch-pounds.

(1block = 10/40”) ,.
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Figure9.-Specimen,channelof.X74S-Tal~in~ alloY*
Load-rotationcurvesfortorqueof 4.88Pinch-pounds..--— ..

Ld

3 Rotation,

Figure10.-

d&grees ~istancefrommid-span,in. (end) .

Specimen,Z-barof 24S-Taluminumalloy.
Load-rotationcurvesfortorqueof 4.88P“intih-pounds.““
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Tim 11.- B%ding stressesin flanges of I-b- of X74S-Taluminum alloy under a torque of 780 inch- ‘
P

pounds appliedat midapan.
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Figure12.-
Specimen,
channelof
X74S-T
aluminum
alloy.
Longitudinal
stresses
in specimens
~-der
torqueof
488 inch-
pounds
applied
at midspan.
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Figure13.-
Specimen,
Z-barof
24S-T
aluminum
alloy.
Longitudinal
stresses
in specimens
under
torqueof
488inch-
pounds
applied
at midspan.
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gigure 14.- Dimensionalnot$vtionu9ed in the
bendingconstant@T and for the

expressionsgiven
unit warpingu.
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